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Abstract 

We use static solutions of 5-dimensional Kaluza-Klein gravity to generate several classes of static, spherically 
symmetric spacetimes which are analytic solutions to the equation '■^•'T? = 0, where '■^•'i? is the four-dimensional 
Ricci scalar. In the Randall & Sundrum scenario they can be interpreted as vacuum solutions on the brane. The 
solutions contain the Schwarzschild black hole, and generate new families of traversable Lorenzian wormholes as 
well as nakedly singular spacetimes. They generalize a number of previously known solutions in the literature, e.g., 
the temporal and spatial Schwarzschild solutions of braneworld theory as well as the class of self-dual Lorenzian 
wormholes. A major departure of our solutions from Lorenzian wormholes a la Morris and Thorne is that, for 
certain values of the parameters of the solutions, they contain three spherical surfaces (instead of one) which are 
extremal and have finite area. Two of them have the same size, meet the "flare-out" requirements, and show 
the typical violation of the energy conditions that characterizes a wormhole throat. The other extremal sphere 
is "flaring-in" in the sense that its sectional area is a local maximum and the weak, null and dominant energy 
conditions are satisfied in its neighborhood. After bouncing back at this second surface a traveler crosses into 
another space which is the double of the one she/he started in. Another interesting feature is that the size of 
the throat can be less than the Schwarzschild radius 2M, which no longer defines the horizon, i.e., to a distant 
observer a particle or light falling down crosses the Schwarzschild radius in a finite time. 
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1 Introduction 



The idea that remote parts of the universe, or even that different universes, could be connected by smooth bridges 
or tunnels constitutes a very intriguing concept, which for many decades has captivated the imagination of science 
fiction lovers [T], [5]. In physics, spacetimes containing such bridges (called "wormholes" by J. A. Wheeler) appear in 
general relativity as solutions of the Einstein field equations. Nearly half a century ago, the concept of wormholes 
lead Wheeler to the discussion of topological entities called geon^ [3| and to the conception of geometrodynamics 
[1] , where "matter comes from no matter" , and "charge comes from no charge" . 

Lately, after the fundamental papers by Morris, Thorne and Yurtsewer [S] and Morris and Thorne [S], the notion 
of traversable Lorentzian wormholes has gained much attention within the physics community. These authors showed 
that such wormholes could, in principle, allow humans not only to travel between universes, or distant parts of a 
single universe, but also to construct time machines. It has been suggested that black holes and wormholes are 
interconvertible. In particular that stationary wormholes could be possible final states of black- hole evaporation [7]. 
Also, that astrophysical accretion of ordinary matter could convert wormholes into black holes [8] (this issue has 
recently been discussed in literature and different approaches give, in general, different results - see [9], [10]). 

Today, it is well known that a wormhole geometry can only appear as a solution of the Einstein field equations if the 
energy-momentum tensor (EMT) of the matter supporting such a geometry violates the null energy condition (NEC) 
at least in the neighborhood of the wormhole throat (matter that violates the NEC is usually called exotic). 

Although in general relativity there are many examples of matter that are consistent with wormhole spacetimes (see, 
G-g-, [I1]-[I1]), none of them are observable in the real world of astrophysic^: "all these spacetimes still remain in 
the domain of fiction" [19j . This is a very important and challenging issue in wormhole physics, which is known as 
the "exotic matter problem" . There are numerous attempts at solving this issue in the literature. Some consider 
alternative theories of gravity [20j-|22| or invoke quantum effects in curved spacetimes, considering wormholes as 
semiclasical objects [23] , [24] . Recently, a general no-go theorem was proved by Bronnikov and Starobinsky showing 
the absence of wormholes in scalar-tensor gravity without ghosts [25] . 

A different approach to this issue arises in the context of higher-dimensional theories. In Kaluza-Klein gravity the 
exotic matter necessary for the formation of a wormhole can appear from the off-diagonal elements of the metric (the 
gauge fields) and from the 755 component of the metric (the scalar field), rather than coming from some externally 
given exotic matter [26] . Also the so-called Einstein-Gauss-Bonnet theory admits wormhole solutions that would 
not violate the NEC provided the Gauss-Bonnet coupling constant is negative [27], [28]. In addition, it has been 
proposed that braneworld gravity provides a natural scenario for the existence of traversable wormholes [29], [30j . 
This is because the local high-energy effects and non-local corrections from the Weyl curvature in the bulk could lead 
to an effective violation of the NEC on the brane even when the standard-model fields satisfy the energy conditions. 
In this paper we adhere to the latter framework and develop a number of spherically symmetric, static Lorentzian 
wormholes which are analytic solutions to the equations on the brane. 

In the Randall & Sundrum braneworld scenario |31j the effective equations for gravity in AD were derived by 
Shiromizu, Maeda and Sasaki [32j . In vacuum, when matter on the brane is absent and the 4-dimensional cosmological 
constant vanishes, these equations reduce tqfl 

(4)G„^ = -eE^0, (1) 

where ^^^Ga/B is the usual Einstein tensor in 4D; e is taken to be —1 or -1-1 depending on whether the extra dimension 
is spacelike or timelike, respectively; iSa/? is the projection onto the brane of the Weyl tensor in 5D. Explicitly, 
Ea/3 = '^^^CaApsn^n^ , where n"^ is the 5D unit vector {riAn^ = e) orthogonal to the brane. This quantity connects 
the physics in AD with the geometry of the bulk. 

The vacuum field equations on the brane ([T]) are formally equivalent to the Einstein equations of general relativity 
with an effective EMT given by Tap — — {e/Stt) Eap. The crucial point here is that due to its geometrical nature, 
EajS does not have to satisfy the energy conditions applicable to ordinary matter. In fact, there are a number of 

^In [3] Wheeler provides the first diagram of a wormhole as a tunnel connecting two openings in diff'erent regions of spacetime. 
^To be fair, we should mention that the solutions discussed in I14I - I15I were obtained as early as in 1973 by Bronnikov |17| and also 
by Ellis 1181 describing wormhole solutions with a massless, minimally coupled phantom scalar field. 

^Throughout the paper we use the conventions and definitions of Landau and Lifshitz 133) and set G = c = 1. 
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examples in the literature where the effective EMT corresponds to exotic matter on the brane [53], [5S]. Thus, Eaf3 
is the most natural "matter" supporting wormholes f29^ . 

However, the set of equations ([1]) does not form a closed system in AD, because is unknown without specifying, 
both the metric in 5D, and the way the AD spacetime is identified, i.e., n^. The only truly general thing we know is 
that Eaf3 is traceless. Therefore, the only quantity that can be unambiguously specified on the brane is the trace of 
the curvature scalar ^'^^i? = ^''•'i?^,. In particular, in empty space 

(^)i? = 0. (2) 

In this paper we investigate spherically symmetric solutions to this equation of the form 

ds^ = A'^{r)dt^ - B^{r)dr^ - r^C^{r) dVi^ , (3) 

where dVP' — d9^ + sir? OdcjP' is the line element on a unit sphere. In these coordinates the field equation ^ can be 
written as (a prime denotes differentiation with respect to r) 

A" ^fA' B'\fl C'\ A'B' 1 / C" C f& C'\ „ 

In curvature coordinates, i.e., in coordinates where C{r) = 1, this is a second-order differential equation for A{r) and 
a first-order one for B(r). Therefore, it has a nondenumerable infinity of solutions parameterized by some arbitrary 
function of the radial coordinate r j36j . 

In curvature coordinates the simplest (non-trivial) solutions to ([4]) are obtained by setting either A = 1 or _B = 1. 
The former case yields the spatial-Schwarzschild wormhole [19], while the latter one gives A^ = {1 — m/r)^ , which is 
a black hole with total mass M — m and a horizon at r — M. The next simple solution is the Schwarzschild metric 

ds^ = (^1 - dt^ -(^1-^^ ' dr^ - r^dn\ (5) 

If one chooses either A{r) or B{r) as in the Schwarzschild metric, then the asymptotic flatness of the solutions is 
guaranteed, and the vacuum braneworld solutions contain the Schwarzschild spacetime as a particular case. This 
choice generates the "temporal Schwarzschild" metric [37], [38] . 

o / 2m\ , o (1 — 3m/2r) , , 



and the "spatial Schwarzschild" metric 




2am \ ^ 



1 —\ dr'-r'^dn^, (7) 



where a and a are dimensionless constant parameters. For a = 1, a = I the corresponding solutions reduce to the 
Schwarzschild spacetime. The above metrics have thoroughly been discussed in different contexts: as braneworld 
black holes [29], [38]; as possible non-Schwarzshild exteriors for spherical stars on the brane [37], [39], [40], and as 
wormhole spacetimes [35] . 

In this work we construct several families of new solutions to ^'^^R = of the form ([3]), with C{r) ^ 1. The new 
solutions are specifically designed so that they contain the Schwarzschild black hole and generalize the temporal and 
spatial Schwarzschild solutions mentioned above. They generate new families of traversable Lorenzian wormholes 
as well as nakedly singular spacetimes. The solutions are obtained by demanding that the spacetime must contain, 
instead of the Schwarzschild geometry as in ©-(O, a simple static solution to '-'^^R — that follows from 5-dimensional 
Kaluza-Klein gravity (see Eq. PT|) bellow). 

Some interesting features of our models are that, for certain values of the parameters of the solutions, (i) the size 
of the throat can be less than the Schwarzschild radius 2M, which no longer defines the horizon, i.e., to a distant 
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observer a particle or light falling down crosses the Schwarzschild radius in a finite time; (ii) they contain three 
spherical surfaces (instead of one as in Lorentzian wormholes a la Morris and Thorne) which are extremal and have 
finite area. Two of them have the same size and meet the "flare-out" requirementj0, and show the typical violation 
of the energy conditions that characterizes a wormhole throat. The other extremal sphere is "flaring-in" in the sense 
that its sectional area is a local maximum and the weak, null and dominant energy conditions are satisfied in its 
neighborhood. After bouncing back at this second surface a traveler crosses into another space which is the double 
of the one she/he started in. 

The paper is organized as follows. In section 2 we present our solutions on the brane and discuss their physical 
interpretation. In section 3 we construct symmetric traversable wormholes from configurations which only have one 
asymptotic region. In section 4 we give a brief summary of our results. 



2 Schwarzschild-like solutions on the brane from Kaluza-Klein gravity 

In this section we construct several new families of analytic solutions to the brane field equation '^^^i? = 0, of the form 
©, which are inspired by five-dimensional Kaluza-Klein gravity and generalize the Schwarzschild-like spacetimes ([6]) 
and 111). 

In Kaluza-Klein gravity there is only one family of spherically symmetric exact solutions to the field equations 
Rab = which are asymptotically flat, static and independent of the "extra" coordinates (see, e.g., Ref. [Hj and 
references therein). In five dimensions, in the form given by Kramer |43] , they are described by the line element 

dS'' = r dt" - /"(''+^) - r2/^'-°"'^rf^^' - fdy\ (8) 
where y is the coordinate along the fifth dimension; 

2m , 

J — 1 , m — constant, (9) 

r 

and a, h are parameters satisfying the consistency relation 

a^+ab + b'^ = l. (10) 

When the extra dimension is large, instead of being rolled up to a small size, our spacetime can be identified with 
some 4£) hypersurface y — const, which is orthogonal to the extra dimension. In this case the metric induced in 4D 
is 

ds^ = r dt" - dr^ - r^f<^'—'>^dn^ (11) 

It is straightforward to verify that this line element, which in what follows wc will call 'Kramer- like', is an exact 
solution to the field equation '^^^i? — 0. 

In this section, we present a number of new families of analytic solutions of the form ([3j) on the brane obtained 
by choosing 

C'{r) = f-^-", (12) 

and fixing A(r) or B{r) as in the Kramer-like metric (llip . Before discussing the new solutions, let us briefly examine 
some of the properties of this metric. 

When a = 0, from (fTO)l it follows that b = ±1 in which case (fTTj) becomes 

ds^ = df - (^1 - ^ j ' dR" - R^dn\ Ro ^i^. (13) 

For i?o > this is the spatial-Schwarzschild wormhole [19^, for i?o < it is a naked singularity and for i?o = it is 
Minkowski spacetime. 

*The flare-out condition defines the throat of a wormhole as a closed two-dimensional spatial minimal hypersurface, i.e., as an extremal 
surface of minimal area |13| . Thus, as seen from outside, a wormhole entrance is a local object like a star or a black hole | 41| . 



4 



When 6 = 0, from (jTU]) we find a — ±1 and the hne element (If f p reduces to 



ds^ = ( f - ^ 1 



f 



2m , 
1^' 



(14) 



For ?fi > this is the Schwarzschild black hole solution of general relativity with gravitational mass M — fh, a. naked 
singularity for m < and Minkowski spacetime for m = 0. 

In any other case the gravitational mass is M = am, which follows from the comparison of the asymptotic 
behavior (r oo) of gtt with Newton's theory [see (|22|) and (f23|) bellow]. To assure the positivity of M, in what 
follows without loss of generality we take m > and a > 0. Consequently, the appropriate solution of (fTO|) is 



b V4 - 362 



(15) 



which holds in the range —2/^/3 < 6 < 1. The Schwarzschild spacetime is recovered when 6 = 0. 

To study the singularities of the solutions it is useful to calculate the Kretschmann scalar K. = Ra/s-ysR"^'*^ ■ For 
the metric ^ it is given by 



8Ki 



(16) 



where 





1 


'A" A'B'' 


Kt = 




A AB 


K2 = 


(C + rC") A' 
rCB^A ' 






fB'C" B' 




52 


[ BC ^ rB 


if 4 = 




-rC' f -B^ 




r^C^B^ 



2C' 



~c 



The finiteness of /C is a necessary and sufficient criterion for the regularity of all curvature invariants. 
Kramer-like metric we obtain 

48m2fc 



j,S p(2-a-b) ' 



ith 



k = 



2(a+l) + 6- 



262 (a + 2) 



a63 
6 



64 
3 



2(a + l) + 6- 



62 (2a + 3) 



r2 (2 - 62 



(17) 

For the 

(18) 

(19) 



For 6 = 0, (a = 1) the expression for k reduces to k — f^. Therefore, for 6 = we recover the usual Schwarzschild 
singulatity at r = 0, viz., JC = ASrn^/r^, as expected. Since (2 — a — 6) > 0, it follows that for 6 7^ there is a physical 
singularity at / = 0, i.e., at r = 2m. 

The physical radius of a sphere with coordinate r is given by i? = r/(^^"^''^/2 jj^ the limit r 2m it behaves 
either as i? ^ or i? ^ 00 depending on whether 6 £ [— 2/-\/3, O) or 6 e (0,1), respectiveljU. In the former 
range we have (1 — a — 6) > 0, and consequently ii is a monotonically increasing function of r. In the latter 
range, where (1 — a — 6) < 0, the physical radius R is not a monotonic function of r; it reaches a minimum at 
r = f = m(l + a + b) > 2m, viz.. 



R = R{r) = mv ab 



a + 6+ 1 
a + 6 - 1 



{a+b)/2 



(20) 



and then re-expands in 2m < r < r in such a way that i? ^ 00 as r ^ 2m. We note that 2m < r < (l -|- 2/^/3) m k, 
2.155to and R > 2M . Regarding gtt and gm we find that gtt ^ as r ^ 2m, in the whole range of 6, i.e.. 



^The cases 6 = and 6=1 corresponds to the Schwarzschild spacetime and to the spatial-Schwarszchild wormhole, respectively. 
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b G [— 2\/3, l)- In the same limit we have grr — > (0, — 1,— oo) for — 2/\/3 < b < —1, b = —1 and — 1 < 6 < 1, 
respectively. 

The effective energy density p = Tg is given by 

m^ab 

»^P = -^Apr^- (21) 

Thus, for 6 7^ the solutions have a naked singularity at r = 2m where p diverges. For & < the density is positive 
and a traveler moving radially towards the center R = reaches the singularity. For 6 > the density is negative 
and a traveler moving towards r — 2m never reaches the singularity, instead (since there is a throat at r = f, with 
physical radius R — R) she/he crosses into another space, which does not have a second flat asymptotic because 
5ft — !■ as r — > 2m, despite the fact that i? — > oo in this limit. 

Consequently, even though the spacetime configurations with b e (0, 1) have a throat, and violate the null energy 
condition, they are topologically different from wormholes which, by definition, connect two asymptotic regions. 

In order to experimentally distinguish between different asymptotically fiat metrics, it is useful to calculate the 
post-Newtonian parameters (3 and 7 in the Eddington-Robertson expansion (441 



2M , ^ , AP 



df - ( 1 + + . . . ) dR;'- R^'d^'. (22) 



The parameter f} affects the precession of the perihelion and the Nordtvedt effect, while 7 affects the deflection of 
light and the time delay of light [45] . 
For the solution (fTTI) we obtain 



M — am, 
/3 = 1, 

7 = 1 + (23) 
a 

However, we should keep in mind that "such hypothetical objects as braneworld black holes or wormholes, not 
necessarily of astrophysical size, need not necessarily conform to the restrictions on the post-Newtonian parameters 
obtained from the Solar system and binary pulsar observations, and it therefore makes sense to discuss the full range 
of parameters which are present in the solutions" |29|. 

2.1 Temporal Schwarzschild-Kramer-like solution 

Following the same philosophy as in curvature coordinates, the line element (jlip can be used to generate other 
asymptotically flat vacuum solutions on the brane. For example, by demanding that 

A\r)=r, C\r) = f^—\ (24) 

we find that the field equation Q has two solutions. One of them is just B'^{r) — f~^°'^^\ which gives back 
The other one is a general solution which can be written as 

m(2+a+2b) ' 



1 



1 3crm 

^ 2r 



f-(a+b)^ (25) 



where cr is a constant of integration. For an arbitrary a and a = 1 (6 = 0) we recover the temporal Schwarzschild 
metric ([6]). 

The total gravitational mass M and the PPN parameters (3 and 7 are given by 

M — am, 

3a - 2& - 2 + 3cr 



4a 

3a -h 2& - 2 -f 3cr 



^ - Aa • 
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If we denote 



the solution can be written as 



m(2 + a + 2b) 



Sam 



ds' = rdt 



r - ro 



(27) 



(28) 



Here the Kretschmann scalar diverges at r = 2m and at r = f. In contrast, r = tq is a coordinate singularity; not 
a physical one. It should be noted that < f < 2m for any a > 0. Therefore, the condition grr < implies that the 
above solution makes sense only for r > ro — 3ma/2. If ro < 2m, i.e. a < 4/3, the solution is a naked singularity. 
However for ro > 2m (ct > 4/3) it is a traversable wormhole. 

Since the Kretschmann scalar is regular at ro, the singularity can be removed by introducing a new coordinate x 
by the relation r = ro + a;^. The explicit form of the solution in terms of x is 



x'^ + rQ — 2m 
ro + 



(x2 + ro) 



a+b+l 



{x'^ + ro — 2m) 



a+b 



{x^ + ro — 2m) 



a+b-l 



dn^ 



(29) 



For ro > 2m (ct > 4/3), the metric is regular for all values of x € (— oo,+oo) and invariant under sign reversal 
X —X. Therefore, both x — s- cx) and x —oo are flat asymptotics. The physical radius i? of a spherical shell with 
coordinate x is 



Rix) 



[x- 



+ ro) 



(a+6+l)/2 



(^2 + ^„_2to)(-+''-i)/2- 
The equation dR/dx — has the following roots 



(30) 



where 



xo = 0, X(±) = ±\/r ~ ro, 
f — m{l + a + b) . 



The X(^±) solutions are real only if r > vq. Since ro > 2m, this imposes the condition (a + b) > 1, which requires 
6 G (0, 1). Thus, the metric (|29p is regular for all values of x and R{x) has (real) extremuma at x = X(±) if 



(31) 



2m < ro < r < (^1 + Vl/ ^ 2.155m. 

In terms of the dimcnsionless quantities ct = 2ro/3m and ct — 2f/3m, this inequality can be written a^ 

4 2 (3 + 2VS) 

- <(T<a< — ^ « 1.436. 

3 9 

In Table 1 we provide a — 2(1 + a + 6)/3 calculated for various values of 6 G (0, 1). 



(32) 



Table 1. ct for various values of 6 G (0, 1) 


b 


0.01 


0.1 


0.3 


0.5 


0.8 


0.9 


0.99 


CT 


1.337 


1.364 


1.410 


1.434 


1.414 


1.384 


1.340 



In summary, we have the following cases: 



®We note that cr is bounded from above, namely, a < Umax = 2 (s + 2v^) /9 ~ 1.436, which corresponds to b = ~ 0.577. 
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Case 1: The function R — R[x) has only one extremum, which is located at a; = if (i) 6 G [— 2/\/3, O) and 
any ro > 2m (cr > 4/3), or (ii) b e (0,1) and rg > 3ma/2 (for 6 > 0, a sufficient criterion for one extremum is 
ro > 2.155m). Under these conditions x = is the minimum of ([HU]) . Therefore, in this case the wormhole throat is 
located ai R — Rq given by 

iaM 4 ^ (^-'^-"^/^ 



with (6 < 0, cr > 4/3) and (6 > 0, cr > cr). We observe that the condition cr > cj is automatically satisfied when 6 < 0, 
because &[b<{)) < 4/3, while on the contrary &(b>o) > 4/3. 

The metric obtained by Casadio, Fabbri and Mazzacurati |38| for new braneworld black holes and the symmetric 
traversable wormhole solutions discussed by Bronnikov and Kim [29], in their example 2, are restored from ([29])- ([33]) 
in the case a = 1, & = 0, which in turn reduces to the Schwarzschild metric for a — 1, i.e. rg = f = 3m/2. 

From ([33]) we find that in this case we can have Rq < 2M or i?o > 2M depending on whether 6 < or 6 > 0. To 
illustrate this we have evaluated ([55]) for some specific values of b and cr. The results are presented in Figure 1. 

For a light signal the time for propagation, measured by an external observer, from the throat a; = to some 
X = xq > Q IS given by 



Ai = 2m 



3cr 2 + + 26 
'2 2 



1 



3cr/2 



-(a+b/2) 

dx, (34) 



where x is a dimensionless quantity defined as a: = x/^/rn. To test the above equations, let us take, e.g., b — —0.2 
and cr = 1.5, which are in the range for which ([55]) defines the location of the throat. For these values Rq « 1.83M 
and At is finite for any xq < oo. One can numerically verify that At is finite for any b < and a > 4/3. The 
conclusion is that for a distant observer a light signal crosses the Schwarzschild radius R = 2M, which now is not a 
horizon, in a finite time. 



Also, from (l33]) wc find 



1 cIRq a — a 



Ro da cr(3cr-4)' 

Thus, in the present case {a > a), Rq increases monotonically with a. 
We note that at a; = 



p > 0, p~pr > 0, p + Pr 



(35) 



a ~ a 



ro-r 



p + p±>0, p-p±r^— — ^. (36) 

where Tq = p, = —pr, Tf = —p±- Thus, in the present case (cr > (t), in a neighborhood of the wormhole throat 
the effective EMT violates not only the null energy condition (p + pr) > 0, which is in agreement with a well known 
general result, but also violates the dominant energy condition. 

Case 2: When b E (0, 1) and 2m < tq < f , or what is equivalent 4/3 < cr < a , there are three extremuma. One of 
them is at a; = and corresponds to R ^ Rq given by ([55]); the other two are at a; = a;± for which 

(a+b)/2 

> 2M. (37) 

In this case (1 — a — 6) < 0, therefore from ([55]) it follows that i?o ^ cx) as cr ^ (4/3)^. In addition, Rq ^fx±) 
as a —^ a, i.e. Rq decreases with the increase of ct, which is in agreement with ([55]) because in the present case a < a. 
What this means is that in this case R{x±) is a local minimum and Rq is a local maximum. This is illustrated in 
Figure 2. 
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1.5 



1.6 



Figure 1: In Case 1 the wormhole throat is located at i? = Rq. The figure shows that Rq increases with a. More 
interesting is that for 6 < there is a range of values of a for which Rq < 2M. For > 0, i?o > 2M. 




Figure 2: In Case 2 there are three extremuma, i.e., the spacehke surfaces R(x±) and Rq are turning points for 
light and all material particles. The figure gives the physical radius as a function of a; for 6 = 0.5 and the values 
of a considered in Table 2. Without loss of generality we have set m = 1, which is equivalent to introducing a 
dimensionless coordinate x x/y/rn in (30). As we approach r = 2m we never reach distances R < R(x±) = 4.038M 
regardless of the choice of tr, although R[a:±) is attained at different values of x. After a re-bounce at Rq, which does 
depend on a but corresponds to the same namely a: = 0, we cross into another space which is the double of the 
one we started in. The two minimuma coalesce for cr — s- (t 
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As an example, let us choose some particular b in the range (0, 1), e.g. b = 0.5. For this choice R(x±) — 4.038Af. 
Besides, from Table 1 we get a = 1.434, (f = 2.151m). In Table 2 we compute i?o for various values of a in the 
range 1.333 < a < 1.434 (2m < tq < 2.151m). Similar results, illustrating the fact that Rq > -R(x±) > 2M, can be 
obtained for other values of b and a considered in Table 1. 



Table 2. Rq/M for b = 0.5 and a £ (4/3, 1.434) 


cr 1.34 1.37 


1.40 


1.43 


Ro/M 4.610 4.149 


4.059 


4.037 



From (|36p it follows that, in the present case {a > a), the effective EMT satisfies the weak, null and dominant 
energy conditions in a neighborhood of a; = 0. However, using (|32p and Table 1, it is not difficult to verify that 
these conditions are now violated in a neighborhood of a; = a;(±), which is where in this case the wormhole throat is 
located at, as expected. 



2.2 Spatial Schwarzschild-Kramer-like solution 

In order to generalize the spatial-Schwarzschild metric ([7]) we now choose 

2Q:m \ ^ ' 



C\r)=[l- 



2am \ 



(38) 



where a is some positive constant. Substituting these expressions into (jl]) we obtain a second order differential 
equation for A{r). To determine the arbitrary constants of integration we impose two conditions. First, that ^ — > 1 
as r ^ oo. Second, that for a = 1 (& = 0) we recover the spatial Schwarzschild solution. With these conditions we 
obtain 



a- 1 



1 - 



2am 



(a-b)/2' 



H 2 



^ 2am \ 
r ) 



(39) 



For this solution the total gravitational mass and the PPN parameters are 

M = m[a + 6(a-l)]. 



^ - 2 



1 1^ a [a^ + a62(a - 1)] 



[a + 6(a-l)]' 



7 



a{a + b) 
a + 6(a- 1)' 



(40) 



The above solution for a = 1 reduces to the Kramer-like solution (fTTj) . and for a 7^ 1, but a = 1 (6 = 0), 
gives back ([7]), as expected. In general, for a 7^ 1, a 7^ 1 and 6 7^ the quantities Ki and K2 in (fT7|) behave like 
~ [l/(r^^/^~°"'')] . Therefore the Kretschmann scalar diverges at r = 0, A = and r — 2ma, as (2 — a — 5) > in 
the whole range of b. 

However, there are two cases in which the curvature invariants are regular at r = 2ma. One of them is a = 1, 
6 = discussed by Casadio, Fabbri and Mazzacurati ^38j, the other case is when a = and 6 = 1. In the latter case 
the metric (l38l)-(l39l) becomes 



a^ 



l + (a-l) 



1 



2am 



2am 



dr^ - r^dn^. 



(41) 



For a = 1 we recover the spatial-Schwarzschild wormhole (|13p with Rq — 2am. For a < 1, the equation gu — has 
no positive solutions for r. Thus, there is no horizon. Since the Kretschmann scalar is regular at r = i\) = 2am, the 
metric is regularized at r = by the substitution — r — r^. As a result, Ij4ip becomes 

2 



ds' 



1 



1 



{a-l)\x\ 



dt^ 



'i{x^ +ro) dx^ - {x^ +ro)^dn^, a > 1, 



(42) 
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which is a symmetric traversable wormhole with throat at Rq — 2Ma/{a — 1) and total gravitational mass M = 
m (a — 1). We emphasize that here Rq > 2M for all values of a. 

In order to make contact with other works in the literature, let us notice that the solution for a = 1 can 
alternatively be written as 



A/ 



(a-6)/2 



(43) 



where k and A are arbitrary constants. The choice k = and A = 1 gives back the Kramer- like solution (jlip: A = 
and K — 1 yields a line element which is similar to (jll[) with a replaced by b and vice versa. The class of self-dual 
Lorentzian wormholes discussed in Dadhich et al [19j , which in our notation are given by (|42p , is recovered from ()43p 
in the special cases where a = l,6 = 0ora = 0, 6=1. This class of solutions is a particular case of the wormhole 
spacetimes discussed by Bronnikov and Kim j29j in their example 4. 

• A more detailed investigation shows that in the case where a — 1, there is a family of "spatial Kramer-like 
solutions" not included in (l43l) . Indeed, it is not difficult to verify that the line element 



^^2 ^ f[a+b+VT^]/2 ^^2 _ f-{a+b) ^^2 _ ^2 f{l-a-b) ^^2^ (44^ 

also satisfies the field equation Note that a + b + \/l — 3ab > for all a > (i.e., — 2\/3 < b < 1). The 
Schwarzwschild geometry can be recovered in two distinct limits: either a = 1, 6==0ora = 0, b ~ 1. From an 
observational point of view this solution is distinct from the ones considered above. This follows from the fact that 
the PPN parameters are different from the ones calculated in (|40|1 . Namely, for the line element (|44|) we find 

M = — l^a + b + Vl - 3abj , 

f3 = 1, 

^(a + b) .... 
7 = ^ — , (45) 

• It should be emphasized that we can use any of the above solutions to generate other asymptotically flat solutions 
to ([3]) that contain the Schwarzschild spacetime. As an example, let us consider the case where the temporal part 
of the metric is identical to gu in the spatial Kramer- like solution (|44|) . From Q we obtain a first-order differential 
equation for B{r), which can be easily integrated. The new solution can be written as 



^^2 ^ j[a+b+^T^b\/2 ^^2 _ / \ j-(a+b) ^^2 _ ^2 ^{l-a-b) ^^2^ 

\r~roJ 

with 

m[4 + 3{a + b)- Vl - 3a6J 3ma 



vq = = constant. 



4 ' " 2 

where cr is a dimensionless, arbitrary, constant of integration. For vq = f the metric (j46l) reduces to (|44l) . In addition, 
for a = 1 , = the solutions (|^ and yield the temporal Schwarzschild metric © . 

It should be noted that < f < 2m in the whole range —2/^/3 < b < 1. The Kretschmann scalar diverges at 
r = and r = 2m, but is regular at r = r and r = vq. Once again, smooth continuation at r = tq > 2m, which 
requires a > 4/3, is achieved in terms of the coordinate x defined by the relation r — ro + x'^, viz., 

^ -2„A '----^'^ _ 4(.^.,.-.)(.^.,.r _ (^'^ ,4,) 

V 2;2+ro J (a;2 -I- ro - 2m)"+^ (x^ ro - 2m)"+''"' 



Here the physical radius of a spherical shell with coordinate x is the same as in (|30)) . Therefore, under the same 
conditions on b and a we have the Cases 1 and 2 discussed above. The only difference is that now the total 



11 



gravitational mass is given by the first equation in (|45p . Therefore, in Case 1 the wormhole throat is at 



i?o = , 1-7^ , <^> 4/3. (48) 

In case 2 we now have 

^ 2MV^ / a + b+i y°+'^/' 

One can verify that in Case 2, the weak, null and dominant energy conditions are satisfied in a neighborhood of i?o- 
Once again as in ([33| and ([37|l . (i) if & < we can have i?o < 2M for a wide range of values of a (see Fig. 1); (it) 
Ra > 2M for 6 > (with a > a), and (iii) > 2Af for all b>0. 



3 Symmetric wormholes from solutions with one regular asymptotic 



Let us note that, from a mathematical point of view, the Kramer- like metric (fTTj) and its temporal Schwarzschild 
generalization (j28p differ only by a factor in grr- However, from a physical point of view they are very different: 
these metrics have distinct PPN parameters and pT|) only has one asymptotic region for 6 > 0. On the other hand, 
()28p describes symmetric wormholes in the whole range of b provided > 2m. A similar situation occurs between 
the spatial Kramer- like solution (|44|) and its generalization (|46|) . The aim of this section is to generate two more 
families of traversable symmetric wormholes from solutions that only have one regular asymptotic region. 

The new solutions arise from the observation that any solution to the field equation ([3]) originates new ones given 

by 

ds^ = A'^{r)dt^ ~ h{r)B^{r)dr^ - r^C^{r) dV? , (50) 



where 



h{r) = 



-I 



B-' dr 
L'-'(^L' / L + A' /2A) 



(51) 



L — rC{r), and c is some arbitrary constant. 



• First, let us consider the solution (|28p . If we demand that it must contain the Schwarzschild spacetime for 
& = {a — 1), then we should set cr = 1. The result is the "temporal Kramer-likc" metric 



J 1 + 3/ 



(52) 



We note that < for any positive a. If a = and 6 = 1 (6 = — 1), the solution describes a wormhole with throat 
at Rq = 3to/2 (i?o — — ™/2, m < 0). In general, for any 6 < there is naked singularity at r = 2m. However, for 
& > the physical radius has a minimum at f = m{l + a + b) > 2m. 

Substituting ((52)l into ((5T|l we generate another solution to dJ]), namely 



ds^ = r dt^ - 



where ro = (3m + c) /2. 



3m/2 



2(/ + l) + (/-l)(a + 26) 
1 + 3/ 



j-[a+b) dr^ -r^f(^—'''>dn^ 



(53) 



• Second, we consider the line element (j46p . If we set a = 1 we recover the Schwarzschild metric when 6 = 
(a = 1). With this choice the solution becomes 



d.s' = /['^+^+VT33^1/2 dt' - 4(/ + l) + (/-l) [Ha + b)-Vl-3abl _ /d— 

2(1 + 3/) 



(54) 



12 



For this metric we find 



M 



2 

2- 



h + Vl - 3a6j , 
5 + 5V1 - Safe 



4(a + 6 + Vl - 3a6) 
5(a + 6) + 2 + yi - 3a6 
^ ~ 4 (a + 6 + Vl - 3a5) 

Substituting ([51)1 into (|5T|) we get another solution to ([l]), viz., 



(55) 



^^2 _ j[a+b+\/l-3ab]/2 ^^2 _ 



-3to/2^ 



4 (/ + !) + (/-I) [3 (a + 6)- VT^3^ 



2 (1 + 3/) 



(56) 

Thus, although the original metrics ([52)l and (|54)) only have one regular asymptotic region for & > 0, the new solutions 
(I53p and (j56p in terms of the coordinate a; defined by r = + tq are regular and symmetric for all values of h and 
rp > 2m, so that both 2: — > cxd and x — > — cxd are flat asymptotics. All our symmetric wormholes have a factor 
proportional to (r — ro)~^ in g^r- In this regard, it is interesting to mention a general result obtained by Bronnikov 
and Kim in curvature coordinates (gee = — i?^). They showed that in traversable, twice asymptotically flat, 
wormhole solutions the metric function gRR near the throat must behave as (K — i?o) ^■ 



4 Summary 

The aim of this work has been to generate new exact static, spherically symmetric Lorentzian wormhole solutions on 
the brane. Since Q is a second-order differential equation for A(r) and C(r) and first order for i3(r), the simplest 
way for generating static solutions is to provide some smooth functions A{r) and C(r). Then, the field equation 
(HI reduces to a linear first-order differential equation for B(r). In the context of curvature coordinates, C(r) = 1, 
Bronnikov and Kim f29' have given a thorough discussion of the general conditions on the so-called redshift function 
lnj4(7') under which the solution describes symmetric and asymmetric wormholes. 

In this paper, to accomplish our goal we have solved ([3]) using a different approach: (i) we have relaxed the 
condition C(r) = 1, which is required in curvature coordinates. Instead we have chosen C(r) = f(^~'^~^y^ , From 
a physical point of view, this choice automatically incorporates the requirement of existence of a throat. Namely, 
R{r) = r/(i-'i-6)/2 has at least one regular minimum (a throat) at some r — r > 2m, for 6 > (see (l20l) '). In principle, 
one can always set C = 1 by redefining the radial coordinate. However, the line element ()11|) cannot in general (i.e., 
for any & ^ 0) be written in a simple analytical form in terms of the radial coordinate R = r/'^~°~'')/^. Therefore, 
from a practical point of view the choice C(r) = generates solutions to dH) which are algebraically simple 

in terms of r, but (in general) not expressible in terms of elementary functions of R; (ii) we have demanded that the 
spacetime must contain the Kramer-like spacetime (|lip . which is a vacuum solution on the brane constructed from 
the Kaluza-Klein 5D solution ([5]). This assumption guarantees that the Schwarzschild spacetime is recovered for 
some particular choices of the parameters. We note that in the cosmological realm, 5D Kaluza-Klein solutions have 
been used to generate braneworld cosmological models (with vanishing bulk cosmological constant) via a relatively 
simple procedure [46j . 

For 6 = and a = 1 we return to curvature coordinates and our solutions reduce to some well-known ones in 
the literature. For example, the line element (|28p reproduces the temporal Schwarzschild spacetime ([6]) obtained 
by Casadio, Fabbri and Mazzacurati [38] in search for new black holes on the brane and by Germani and Maartens 
[37] as a possible external metric for an isolated braneworld star. Bronnikov and Kim [29], in their example 2, 
showed that these spacetimes allow the existence of symmetric traversable wormholes for tq > 2m [Rq > 2M in our 
notation). 

For 6^0, our solutions display some interesting physical properties: 
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1. The models with 6 < (Case 1) represent traversable wormholes that can have throats located at Rq < 2M. 
What this means is that, as seen from outside, a particle or light falling down reaches the Schwarzschild radius 
(which no longer defines the horizon) in a finite time. It should be noted that in general relativity, in order to 
have a throat larger (less) than the Schwarzschild radius for a given mass at a flat asymptotic, it is necessary 
to have matter with negative (positive) energy density [47 . However, for the braneworld wormholes under 
consideration here this is not necessarily so. Indeed, following the reasoning of ^47j we obtair0 

poo 

Ra = 27M - Stt / R^p{R)dR, (57) 

where 7 is one of the post-Newtonian parameters in the Eddington-Roberston expansion (|22p. In general 
relativity 7=1, but in our braneworld solutions it can be less or bigger than 1 depending on the choice of 
various parameters (see, e.g. (HH)). 

2. The models with 6 > (Case 2) are wormhole spacetimes which have three extremal spheres with finite area. 
This is in contrast to standard Lorenzian wormholes, a la Morris and Thorne, that have only one extremal 
surface of minimal area which is identified with the throat. Here, although the wormholes are symmetrical and 
twice asymptotically flat the throat is not located at a; = 0, as in [53] and [35] j but instead is located at some 
X which explicitly depends on the choice of a. However, the specific value of the wormhole radius is the 
same for the whole range 4/3 < a < a; it depends only on the choice of 6 > (see equations (l37t . (|49|) ). We 
note that the extremal spheres have radii larger than 2M in the whole range of allowed parameters b and a. 
These conclusions concerning the Case 2 are neatly summarized by figure 2. 

The two-parameter solutions (|55|). (|^^ . (|55|) . (|55)l share similar properties, viz., for different values of b (or a) and 
(T they can describe black holes, naked singularities and symmetric traversable wormholes of the types discussed in 
Cases 1 and 2. However, from an experimental point of view they are not equivalent. This follows from the fact that 
the PPN parameters and the total masses are distinct in each of these solutions. Analogous characteristics show the 
one-parameter solutions (fTT|) . (f44|) . (j52|) . (|54|) which yield the Schwarzschild spacetime for 6 = 0, naked singularities 
for 6 < and configurations that only have one asymptotically flat region for b > 0. 

From a formal point of view the symmetric solutions are obtained from those with only one asymptotic region by 
replacing in the latter g-rr ^ ^-ro ) ^^'^ ^^'^ keeping the other metric functions fixed. Here tq > 2m is an arbitrary 
parameter, and is a constant determined by the field equations, which in all cases turns to be less than 2m. 
Besides the geometric differences discussed above, the effective matter is quite different in both cases. In particular, 
configurations with only one asymptotic region have Tq < everywhere (but their total gravitational mass M is 
positive), while the symmetric wormholes have positive effective energy density. 

Thus, in this work we have obtained a number of models for wormholes on the brane with interesting physical 
properties. One can use them to generate new ones by means of iteration. We note that, although we have restricted 
our study to the solutions engendered by the Kramer-like metric pT|) for which C — A^^~°'~^'>^'^ , our discussion can 
be generalized by considering C cx A^, where p is some constant parameter (not necessarily p ~ (1 — a — 6) /a). With 
this assumption we can follow the general approach of Bronnikov and Kim 29| to study how to choose A{r) in (jj]) 
to obtain solutions satisfying wormhole conditions. 

The next logical step, to obtain a complete wormhole model within the braneworld paradigm, is to investigate 
the extension of our solutions into the bulk. However, finding an exact solution in 5D which is consistent with 
a particular metric in AD is not an easy task. In spite of this, the existence of such a solution is guaranteed by 
the Campbell-Magaard's embedding theorems ^48j. The coupling of our wormholes solutions to the bulk geometry, 
though important, is beyond the scope of the present paper. 

Acknowledgments: I wish to thank Kirill Bronnikov for helpful comments and constructive suggestions. 

^In curvature coordinates ds^ = e^^'^^dt^ - e^'^'dH^ - R'^dU'^, setting e"^ = 1 - 2M{R)/R, the eflfective field equation GjJ = SttTI^ 
yields M{R) = in J R^pdR. + C, where C is a constant of integration. Evaluating this expression at the throat R = Rq we obtain C in 

such a way that M(R) = M(Ro) + in R^ pdR. Now, taking into consideration that e~^(^o) = 1 _ 2M{_Ro)/-Ro = and that in the 

-^0 

present case M(oo) = 7M, which can be checked for all our solutions, we obtain (1571 . 
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